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Abstract
The aim of this contribution is to illustrate two basic as-
pects of quantum mechanics applied to the neutral kaon
system. We first describe a recent quantitative formulation
of Bohr’s complementarity principle for free–space evolu-
tion of single kaons and entangled kaon pairs. We then
show that the neutral kaon system is also suitable for an
optimal demonstration of the “quantum eraser”, including
its operation in the “delayed choice” mode. In our dis-
cussions, strangeness oscillations play the role of the tra-
ditional interference pattern linked to wave–like behaviour.
The role of the two interferometric paths taken by particle–
like objects is played by the differently propagating KS
and KL components. Their distinct decay widths pro-
vide a quantum “mark” which can be erased by appropriate
strangeness measurements.
I. INTRODUCTION
As it is well known, fundamental aspects and principles
of quantum mechanics can be conveniently illustrated by
the basic double–slit experiment [1]. In order to do this,
one usually explores the consequences of the complemen-
tarity relation existing between the observation of interfer-
ence fringes, conventionally associated to wave–like be-
haviour, and the acquisition of “which way” or Welcher
Weg information, similarly associated to particle–like be-
haviour.
In a double–slit–like experiment, interference patterns
are observed if and only if it is impossible to know, even
in principle, which path the particle took. Interference dis-
appears if there is a way to know —e.g., through a quantum
marking procedure— which path the particle took; whether
or not the outcome of the corresponding “which way” ob-
servation is actually read out, it is completely irrelevant: in-
formation is there and interference is in any way lost. But,
if that “which way” mark is erased by means of a suitable
measurement —quantum erasure [2]—, interferences can
be somehow restored.
The acquisition of “which way” information in an inter-
ferometric device is always accompanied by a reduction of
the interference fringe visibility. This well known, qual-
itative observation has been recently translated into mod-
ern and quantitative expressions of Bohr’s complementar-
ity [3, 4, 5, 6]. These quantitative complementarity expres-
sions, as well as the quantum eraser effect, have been inves-
tigated and confirmed in a variety of recent interferometric
experiments with atoms [6] or photon pairs [7].
The purpose of this contribution is to extend these con-
siderations, quantitative complementarity (or duality) and
quantum erasure, to neutral kaons. This is possible because
a clear analogy exists between the neutral kaon propagation
in free–space and the propagation of an interfering object
in a double–slit experiment. Indeed, a neutral kaon beam
presents the long known phenomenon of K0–K¯0 oscilla-
tions, which play the role of the interference fringes in a
two–way interferometer experiment. Similarly, the short–
and long–lived kaon states, KS and KL, being character-
ized by remarkably different decay widths (ΓS >> ΓL)
and distinct propagation in free–space, are the analogs of
the two separated particle trajectories in interferometric de-
vices. Therefore, the better one can know if the propaga-
tion proceeds through the KS or KL component —i.e., the
more “which width” information one can have—, the less
pronounced will be the KS–KL interference and the visi-
bility of the K0–K¯0 oscillations.
For single neutral kaons we deduce a generalized ver-
sion of the quantitative statement for complementarity pro-
posed by Greenberger and Yasin [3] (Sec. III.A). Using
instead entangled kaon pairs, another quantitative duality
statement by Englert [4] and other authors [5, 6] is illus-
trated in Sec. III.B. Scully’s quantum eraser [2] for the neu-
tral kaon system is discussed in Sec. IV.
II. NEUTRAL KAONS
Two alternative bases, each one associated to a possi-
ble measurement, have to be considered for these neutral
kaon analyses [10]. The strangeness basis, {K0, K¯0} with
〈K0|K¯0〉 = 0, is the appropriate one to discuss strong pro-
duction and reactions of kaons, as well as kaon strangeness
measurements. The latter are performed by inserting along
the kaon trajectory a piece of ordinary matter which in-
duces strangeness conserving kaon–nucleon strong interac-
tions. The neutral kaon is then destroyed after being iden-
tified either as a K0 or a K¯0 in a typically projective mea-
surement.
The second basis consists of the KS and KL states hav-
ing well defined masses mS(L) and decay widths ΓS(L); it
is the appropriate one to discuss neutral kaon propagation
in free–space, with:
|KS(L)(τ)〉 = e−iλS(L)τ |KS(L)〉 (1)
and λS(L) = mS(L) − iΓS(L)/2, as well as lifetime mea-
surements. The KS and KL eigenstates do not oscillate
into each other in time, but, since ΓS ≃ 579 ΓL, the short–
lived component of a given neutral kaon extincts much
faster than the long–lived one. Because of this lifetime
“mark”, knowing if this kaon has propagated in free–space
either as KS or KL is thus possible by detecting at which
time it decays. If kaons decaying before≃ 4.8 τS after pro-
duction are identified as KS’s and those surviving after this
time as KL’s, misidentifications amount to only a few parts
in 10−3 [10].
The following relationship between the two kaon bases:
|K0〉 = 1√
2
[|KS〉+ |KL〉], (2)
|K¯0〉 = 2√
2
[|KS〉 − |KL〉],
is valid when the small CP violating effects are neglected.
Note that this is a good approximation for our purposes
since these effects are of the same order as the previously
mentionedKS vs KL misidentifications. Note also that the
strangeness measurements and lifetime observations com-
pletely exclude each other: the former require the inser-
tion of nucleonic matter, the latter propagation in free–
space. Bohr’s complementarity principle is thus at work:
if strangeness (lifetime) is known, both outcomes for life-
time (strangeness) are equally probable.
III. QUANTITATIVE
COMPLEMENTARITY
A. Single kaons
Eqs. (1) and (2) imply that a kaon state which is pro-
duced at time τ = 0 as a K0 evolves in (proper) time ac-
cording to the expression:
|K0(τ)〉 = 1√
2
[
e−iλSτ |KS〉+ e−iλLτ |KL〉
]
. (3)
By normalizing to kaons surviving up to time τ , the previ-
ous state can be more conveniently rewritten as:
|K0(τ)〉 = |KS〉+ e
−
1
2∆Γτe−i∆mτ |KL〉√
1 + e−∆Γτ
≡ 1√
2
[|KS(τ)〉 + |KL(τ)〉]
where ∆Γ ≡ ΓL − ΓS < 0 and ∆m ≡ mL −mS , or as:
|K0(τ)〉 = 1 + e
−
1
2∆Γτe−i∆mτ√
2 (1 + e−∆Γτ )
|K0〉
+
1− e− 12∆Γτe−i∆mτ√
2 (1 + e−∆Γτ )
|K¯0〉,
in the {K0, K¯0} basis.
One thus easily obtains the following τ–dependent tran-
sition probabilities:
∣∣〈K0|K0(τ)〉∣∣2 = 1
2
{
1 + V0(τ) cos(∆mτ)
}
, (4)
∣∣〈K¯0|K0(τ)〉∣∣2 = 1
2
{
1− V0(τ) cos(∆mτ)
}
, (5)
where:
V0(τ) = 1
cosh
(
∆Γ τ
2
) (6)
is the time–dependent fringe visibility of the K¯0–K0 os-
cillations. On the contrary, no KS–KL oscillations are ex-
pected:
∣∣〈KL|K0(τ)〉∣∣2 = 1
2
∣∣〈KL|KL(τ)〉∣∣2 (7)
=
1
1 + e∆Γ τ
,
∣∣〈KS |K0(τ)〉∣∣2 = 1
2
∣∣〈KS |KS(τ)〉∣∣2 (8)
=
1
1 + e−∆Γ τ
.
These observations admit the following interpretation,
as discussed in [8, 9]. As soon as a K0 is produced, it
starts propagating in free–space in the coherent superposi-
tion of KS and KL [see Eq. (3)] and mimics the two–way
propagation of any quantum system beyond a symmetrical
double–slit. In the familiar double–slit case, the system fol-
lows the two paths without “jumping” from one to the other
in the same way asKS–KL oscillations are “forbidden”. In
the kaon case, however, there are not two separated trajec-
tories but a single path comprising automatically (i.e., with
no need of any double–slit like apparatus) the two com-
ponents KS and KL. As previously stated, these two in-
terfering components are marked by their different decay
widths. But this is an intrinsic mark on each component
which is automatically given by Nature.
For initial K0’s surviving up to time τ , the probabilities
for KS and KL propagation are
wS(τ) ≡
∣∣〈KS |K0(τ)〉∣∣2 = 1
1 + e−∆Γ τ
,
wL(τ) ≡
∣∣〈KL|K0(τ)〉∣∣2 = 1
1 + e∆Γ τ
.
From these expressions one obtains the “width predictabil-
ity” (corresponding to the “path predictability” defined in
Ref.[3]):
P(τ) ≡
∣∣wS(τ) − wL(τ)∣∣ =
∣∣∣∣tanh
(
∆Γτ
2
)∣∣∣∣ . (9)
P(τ) quantifies the a priori (i.e., before any measurement
is performed) “which width” knowledge we have from the
fact that a kaon which was created as a K0 at time τ = 0
has survived up to time τ . At τ = 0, both components start
propagating with the same probability, wS(0) = wL(0) =
1/2, and the “width predictability” vanishes, P(0) = 0.
In other words, there is no information on which compo-
nent actually propagates and the visibility of strangeness
oscillations is maximal, V0(0) = 1. However, since the
KS andKL components are intrinsically “marked” by their
different lifetimes, “which width” information is obtained
for initial K0’s surviving up to time τ and the correspond-
ing oscillation visibility is thus reduced. The fringe visibil-
ity and “width predictability” of Eqs. (6) and (9) fulfill the
equation:
V20 (τ) + P2(τ) = 1, (10)
which can be viewed as a generalization of the quantita-
tive duality relation of Ref.[3] to situations whereP(τ) and
V0(τ) are not constants.
Note that the same expressions of Eqs. (6) and (9) for
V0(τ) and P(τ) are valid when the kaon state produced at
time τ = 0 is a K¯0. In this case, as well as in the previous
one starting with an initial K0, the state remains quantum
mechanically pure. The two terms in Eq. (10) add up to one
rather than fulfilling the less stringent relation V20+P2 < 1
for mixed states.
Recent measurements by the CPLEAR Collaboration
[11] have been interpreted [9] in terms of the quantitative
duality we have just discussed. The proton–antiproton an-
nihilation processes, pp¯→ K−pi+K0 or pp¯→ K+pi−K¯0,
were used to produce either a K0 or a K¯0 initial state,
which were then allowed to propagate in free–space. In
a first experiment [12], strangeness oscillations were ob-
served by detecting semileptonic neutral kaon decays. In
another experiment [13], K0–K¯0 oscillations were ob-
served via strangeness measurements monitored by kaon–
nucleon strong interactions. The experimental data col-
lected in both CPLEAR experiments are seen to fulfil the
statement for quantitative duality of Eq. (10). Further ex-
periments at the operating φ–factory Daphne [14], which
copiously produces neutral kaons via strong φ → K0K¯0
decays, could provide interesting and more accurate tests.
B. Entangled kaon pairs
The a priori knowledge on the kaon lifetimes and thus
its time evolution, expressed in the previous section in
terms of the predictability P(τ), comes exclusively from
knowing that the kaon remains undecayed at time τ . This
knowledge can be obviously improved if a measurement
is performed on the kaon state [4, 5, 6]. However, since
strangeness measurements and lifetime observations are
completely destructive and no other projective measure-
ment is possible on neutral kaons, two–particle entangle-
ment is necessary to achieve such a purpose. Working with
entangled kaons, one can perform a measurement on one
member (the meter kaon) which allows one to increase the
information on the propagation mode of its partner (the ob-
ject kaon) without this being annihilated.
To this aim, consider the decay of the φ–meson [14]
(or, alternatively, S–wave pp¯ annihilation [15]) into K0K¯0
pairs. Just after the decay, i.e., at time τ = 0, one has the
following maximally entangled state:
|φ(0)〉 = 1√
2
[|K0〉l|K¯0〉r − |K¯0〉l|K0〉r]
=
1√
2
[|KL〉l|KS〉r − |KS〉l|KL〉r],
where l and r denote the “left” and “right” kaon directions
of motion. In the lifetime basis, the state evolution up to
time τl (τr) along the left (right) beam is given by:
|φ(τl, τr)〉 = 1√
2
{
e−i(λLτl+λSτr)|KL〉l|KS〉r
− e−i(λSτl+λLτr)|KS〉l|KL〉r
}
.
It is convenient to consider only kaon pairs with both
left and right members surviving up to τl and τr. These are
described by the normalized state:
|φ(∆τ)〉 = 1√
1 + e∆Γ∆τ
{
|KL〉l|KS〉r (11)
−ei∆m∆τe 12∆Γ∆τ |KS〉l|KL〉r
}
,
where ∆τ ≡ τl − τr. Eq. (11) can be rewritten as:
|φ(∆τ)〉 = 1√
2(1 + e∆Γ∆τ)
(12)
×
{
|K0〉l|KS〉r − |K¯0〉l|KS〉r
−ei∆m∆τe 12∆Γ∆τ [|K0〉l|KL〉r + |K¯0〉l|KL〉r]
}
,
or equivalently as:
|φ(∆τ)〉 = 1
2
√
1 + e∆Γ∆τ
(13)
×
{(
1− ei∆m∆τe 12∆Γ∆τ
)
×[|K0〉l|K0〉r − |K¯0〉l|K¯0〉r]
+
(
1 + ei∆m∆τe
1
2∆Γ∆τ
)
×[|K0〉l|K¯0〉r − |K¯0〉l|K0〉r]
}
.
Eqs. (11)–(13) immediately supply the various joint prob-
abilities P (Kl,Kr) for detecting a Kl (Kr) on the left
(right) at time τl (τr) with Kl,r = K0, K¯0,KS or KL.
Let us now consider the following two experimental ar-
rangements [8]. In both arrangements one measures the
strangeness of the left moving kaon by inserting a dense
slab of (nucleonic) matter at different distances along its
trajectory; since each distance corresponds to a given time–
of–flight τl, one can measure at different values of τl and
look for strangeness oscillations of this (object) kaon. On
the other hand, the measurement on the right moving (me-
ter) kaon is always performed at a fixed time τ0r ; but on this
kaon, one of two alternative measurements, M = S or L,
is performed by either inserting or not a strangeness detec-
tor at τ0r . In the first case, M = S, strangeness is mea-
sured on both kaons and four τl–dependent joint probabili-
ties P (Kl,Kr) with Kl,r = K0 or K¯0 can be recorded. In
the second case, by removing the strangeness detector one
observes the lifetime of the right moving kaon, M = L,
and measures the four joint probabilities P (Kl,Kr) with
Kl = K
0 or K¯0 and Kr = KS or KL (for explicit expres-
sions and details see Sec.IV. ).
Following Englert [4], we can then define the “which
width knowledge” for the object kaon, KM(τl), which de-
pends on the measurement (either M = S or M = L)
performed on the meter kaon. Note however that an ex-
periment can never decrease the information provided by
the formerly discussed predictability P(τl), and one neces-
sarily has KM(τl) ≥ P(τl) ≡ | tanh(∆Γ τl/2)|. One can
similarly consider the corresponding visibility of the object
kaon strangeness oscillations, VM(τl), which now satisfies
VM(τl) ≤ V20 (τl) ≡ 1/ cosh(∆Γ τl/2). It will be seen
that KM(τl) and VM(τl) are linked by a new quantitative
duality relation [5, 6]:
V2M(τl) +K2M(τl) = 1. (14)
Without the strangeness detector on the right beam,
M = L, one can observe the decay of the freely propa-
gating meter kaon, which will be identified either as KS or
KL. The acquisition of this “which width” information im-
plies the corresponding one for the object kaon and there-
fore strangeness oscillations (in τl) should not be visible:
VL(τl) = 0 ∀ τl, (15)
for any of the four possible joint detection probabilities
P (Kl,Kr) with Kl = K0 or K¯0 and Kr = KS or KL.
This is immediately seen from Eq. (12). Using Eq. (11)
one obtains the maximum value for the object kaon “which
width knowledge” [4]:
KL(τl) ≡
∣∣P (KS(τl),KS(τ0r ))− P (KL(τl),KS(τ0r ))∣∣
+
∣∣P (KS(τl),KL(τ0r ))− P (KL(τl),KL(τ0r ))∣∣ = 1 ∀ τl,
where now the joint probabilities explicitly show their de-
pendence on left and right mesurement times τl and τ0r .
The quantitative duality relation of Eq. (14) is then trivially
satisfied.
Considering instead a strangeness measurement along
the right beam, M = S, one obtains the four joint proba-
bilities P (Kl,Kr) with Kl,r = K0 or K¯0 which show the
τl–dependent strangeness oscillations and anti–oscillations
immediately deducible from Eq. (13), with visibility:
VS(τl) = 1
cosh
(
∆Γ (τl − τ0r )
2
) . (16)
This visibility is maximal (VS = 1) for τl = τ0r (no “which
width” information available), but the strangeness oscil-
lations disappear (VS → 0) for τl → ∞ (full “which
width” information). The “which width” information on
the object kaon, which is available as a result of the joint
strangeness measurement, can be expressed in terms of the
“which width knowledge” [4]:
KS(τl) ≡
∣∣P [KS(τl),K0(τ0r )]− P [KL(τl),K0(τ0r )]∣∣
+
∣∣P [KS(τl), K¯0(τ0r )]− P [KL(τl), K¯0(τ0r )]∣∣
=
∣∣∣∣tanh
(
∆Γ(τl − τ0r )
2
)∣∣∣∣ ,
which, together with the visibility (16), satisfies again the
quantitative duality requirement (14).
Note that the two types of alternative measurements per-
formed on the right moving kaon are clearly different. If
strangeness is measured, M = S, no “which width” in-
formation is obtained in addition to the information that
was already known a priori, thus KS(τl) ≡ P(τl). In
the other case, M = L, the opposite situation is achieved
and the “which width” knowledge is maximally increased,
KL(τl) ≡ 1 > P(τl). According to the definition of
Ref. [4], this corresponds to a “width distinguishability”
D(τl) ≡ 1.
IV. QUANTUM ERASER
The discussion of Sec.III. can be reinterpreted in terms
of Scully’s quantum eraser [2], which consists of three dif-
ferent steps [16].
In the first step one has to start with a coherent kaon su-
perposition of KS and KL states such as the one in Eq. (3),
which provides KS–KL interference effects showing the
K0–K¯0 oscillations of Eqs. (4) and (5). These oscillations
become less pronounced with time as a consequence of the
increase of the KS and KL “path predictability”.
In the second step one considers entangled kaon pairs in
the state (11). If the right going meter kaon is free to propa-
gate in space, its lifetime “mark” is operative and precludes
the observation of any strangeness oscillation of the entan-
gled partner, the object kaon. The following joint probabil-
ities are then measured:
P [K0(τl),KS(τ
0
r )] = P [K¯
0(τl),KS(τ
0
r )] (17)
=
1
2(1 + e∆Γ(τl−τ
0
r
))
,
P [K0(τl),KL(τ
0
r )] = P [K¯
0(τl),KL(τ
0
r )]
=
1
2(1 + e−∆Γ(τl−τ
0
r
))
.
The possibility to obtain full “which width” information
for the object kaon can be precluded by the third step of the
quantum eraser. In order to erase the lifetime “mark” of the
meter kaon, it has to be measured in the {K0, K¯0} basis of
Eqs. (2); strangeness oscillations and their complementary
anti–oscillations appear when sorting the jointly detected
events according to the following probabilities:
P [K0(τl),K
0(τ0r )] = P [K¯
0(τl), K¯
0(τ0r )] (18)
=
1− V(τl) cos[∆m(τl − τ0r )]
4
,
P [K0(τl), K¯
0(τ0r )] = P [K¯
0(τl),K
0(τ0r )]
=
1 + V(τl) cos[∆m(τl − τ0r )]
4
.
Note that this third step restores the same KS–KL inter-
ference effects [see Eqs.(4) and (5)] of the first step, where
single kaon states [see Eq. (3)] are used.
Note also that the joint probabilities of Eqs. (17) and
(18),KM and VM are all of them even functions of τl−τ0r .
The erasure of the lifetime “mark” on the meter kaon can
thus be delayed to times after the object kaon has been de-
tected (τ0r > τl). This “delayed choice” mode captures
the essential feature of the quantum eraser [2], which is a
proper sorting of the jointly detected events.
V. CONCLUSIONS
To summarize, we have discussed new quantitative for-
mulations of Bohr’s complementarity for free–space prop-
agation of single and entangled pairs of neutral kaons.
Single neutral kaons allow for a generalization and clear
application of the Greenberger and Yasin duality relation
[Eq. (10)]. In this case, the two recent CPLEAR experi-
ments of Refs. [12, 13] admit a transparent interpretation in
terms of the quantitative complementarity requirement of
Eq. (10) and the data fully agree with this equality. Entan-
gled K0K¯0 pairs allows for the more interesting comple-
mentarity test in terms of “width knowledge” and “width
distinguishability” suggested by Englert and other authors.
Experimental tests on this issue could be performed at the
φ–factory Daphne [14].
The neutral kaon system reveals also suitable for an op-
timal demonstration [2, 16] of quantum erasure: (1) the
“which width” information is carried by a system (the me-
ter kaon) distinct and spatially separated from the interfer-
ing system (the object kaon); (2) as a consequence, the era-
sure operation can be performed in the “delayed choice”
mode (τl < τ0r ); (3) single–particle states (as opposed to
coherent states) are detected on each side; (4) in spite of
the need to entangle the object kaon with another system
(the meter kaon), quantum erasure allows one to restore
the same KS–KL interference phenomenon exhibited by a
single kaon state produced as K0 or K¯0.
An experimental test of the marking and erasure opera-
tions we have discussed is desirable and should be feasible
at φ–factories and pp¯ machines. Actually, the CPLEAR
collaboration [15] has already done part of the work re-
quired: the two experimental points (for |τl − τ0r |= 0 and
1.2 τS) collected by this experiment are compatible with
the joint strangeness oscillations predicted by Eqs. (18).
New measurements confirming with better precision these
oscillations for a larger range of τl − τ0r values, as well as
the non–oscillating behaviour when “which width” infor-
mation is in principle available [see Eq. (17)], are needed
for a full demonstration of quantitative duality and the
quantum eraser with neutral kaons.
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